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APPROXIMATION OF VOLUME-PRESERVING 
HOMEOMORPHISMS BY VOLUME-PRESERVING 
DIFFEOMORPHISMS 

STEFAN MULLER 

Abstract. Given a volume-preserving homeomorphism of a smooth 
manifold of dimension n > 5, we give a necessary and sufficient condition 
for uniform approximability by (volume-preserving) diffeomorphisms. 
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1. Introduction 

O 

I A basic problem in differential topology is to determine if a given home- 

■ omorphism of a smooth manifold can be approximated uniformly by diffeo- 

morphisms. This question dates back at least as far as [Ale32]. A complete 
solution has been given by J. R. Munkres [Mun59, MunGO, Mun65] and 
M. W. Hirsch [Hir63] in the form of an obstruction theory. In particu- 
5^ I lar, such an approximation is always possible in dimension n < 3 [MunGO], 

but not in general, for example not necessarily in dimension 4 [Don83].^ 
One can then ask whether a homeomorphism which preserves volume can 
be uniformly approximated by diffeomorphisms (this problem is mentioned 
for example in [0U41, OhOG]), and if so, can it also be approximated by 
volume-preserving diffeomorphisms. The second part of this question has re- 
cently been answered in the affirmative, independently by Y.-G. Oh [OhOG] 
and J.-C. Sikorav [Sik07]: if a volume-preserving homeomorphism can be 
approximated uniformly by diffeomorphisms, one can in addition impose 



Key words and phrases. Uniform approximation, volume-preserving, homeomorphism, 
diffeomorphism, homotopic/smoothly isotopic to identity, weak homotopy equivalence. 
^ In contrast, continuous maps can be approximated uniformly by smooth maps [Hir76]. 
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the condition that each diffeomorphism preserves volume. This is of par- 
ticular interest in dimension 2 in the context of C'^-symplectic topology 
[Oh06, OM07, MiilOSa, MiilOSb], and has been the starting point of the au- 
thor's interest in this question. In this short note, we give an answer to the 
first part of the above mentioned question, for dimensions n > 5. Interest- 
ing variants of this problem have also been studied, e.g. approximation by 
almost everywhere diffeomorphisms [0U41]^ or in measure (in connection 
with Lusin's theorem) [Whi69, Whi74]. 

Let M be a compact and oriented smooth manifold with or without 
boundary, of dimension n > 5, and with a volume form Q, compatible with 
the orientation of M. Without loss of generality assume M is connected, and 
the total volume of M is normalized to equal 1. One obtains a 'good' measure 
on M (in the terminology of [FatSO]) by integrating $7. We assume through- 
out that all homeomorphisms of M are compactly supported in the interior 
of M. Denote by HomeOc(M) and IIomeo™^(M) the groups of all homeo- 
morphisms and volume-preserving homeomorphisms of M, and by DifFc(M) 
and Difr^°\M) the sub groups of all diffeomorphisms and volume-preserving 
diffeomorphisms of M respectively. If M is closed, equip all groups of home- 
omorphisms with the uniform or compact-open topology, and all groups of 
diffeomorphisms with the C°°-topology, unless explicitly stated otherwise. 
The group IIomeOc(M) is metrizable by the metrics of uniform convergence 
or C'^-convergence (uniform convergence of maps and their inverses). Only 
the latter is complete. However, if a sequence of homeomorphisms converges 
uniformly to another homeomorphism (in other words, if the limit exists), 
then it also converges in the C^'-metric. Thus it suffices to consider uniform 
convergence in this paper, keeping in mind that all results stated are equally 
valid for the C^-metric. If M has nonempty boundary, the above groups are 
taken with the usual direct-limit topology. 

Recall that any C^-diffeomorphism of M can be approximated uniformly 
by C°°-diffeomorphisms (e.g. [IIir76, Theorem 2.7]). Thus in the following 
we do not bother about the smoothness of diffeomorphisms, and assume all 
diffeomorphisms in this paper are C°°. The main objective of this note is 
to prove the following theorem. 

Theorem 1. Let M be a compact smooth manifold with or without bound- 
ary, of dimension n > 5, and with a volume form Q as above. A volume- 
preserving homeomorphism h E Homeo™'(M) can be uniformly approxi- 
mated by (volume-preserving) diffeomorphisms if and only if it is homotopic 
to a diffeomorphism. 



In [0U41, Theorem 12], the authors claim that a volume-preserving homeomorphism 
T of the unit cube can be approximated uniformly by a homeomorphism that is locally 
linear almost everywhere. Unfortunately, their proof contains a mistake. Although the 
constructed sequence is uniformly Cauchy, the limit S does not exist (the sequence of 
inverses is not uniformly Cauchy) unless T is the identity map. 
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If a volume-preserving homeomorphism can be approximated uniformly 
by diffeomorphisms, it can also be approximated uniformly by volume- 
preserving diffeomorphisms [Oh06, Sik07]. It is therefore sufficient to prove 
our result for diffeomorphisms that are not necessarily volume-preserving. 

The statement of the theorem can also be expressed as follows: h can be 
approximated uniformly by diffeomorphisms if and only if its equivalence 
class [h] lies in the image of the map 

(1) ^o(Diffc(M)) 7ro(HomeOe(M)) 

induced by the inclusion Diff c(M) IIomeOc(M). Here ttq denotes the 
space of connected components, which in the cases at hand coincides with 
the space of path components, since Diffc(M) and IIomeOc(M) are known 
to be locally contractible. The map (1) will be discussed in section 3. 

We also remark that by Theorem 1, the subgroup of volume-preserving 
homeomorphisms that can be approximated uniformly by diffeomorphisms 
is a (nonempty) disjoint union of some (possibly all) of the components of 
Homeo™'(M). 

If n < 3, the uniform approximation in our sense is always possible 
[MunGO, Oh06, Sik07]. Thus (not too surprisingly, see section 4 for ad- 
ditional related remarks), the case n = 4 is the only one that remains un- 
settled. 

2. Approximation of volume-preserving homeomorphisms 

We begin with a local version of Theorem 1 due to E. H. Connell [Con63a, 
Con63b], R. H. Bing [Bin63], and Munkres [Mun60]. Let B'; C M" be the 
open ball of radius r in M" (centered at the origin), and = B^. 

Proposition 2 (Connell, Bing, Munkres). If h: B'^ — > i?", n > 5, is a 
homeomorphism that equals the identity near the boundary, then it can be 
approximated uniformly by a diffeomorphism g: B^ — )• B^ that equals the 
identity near the boundary. 

Proof. This is essentially Theorem 6 in [Con63a] (for n > 7; refer to the first 
remark of section 5 of that paper, and [Bin63] or [Rus73, Chapter 4.11] for 
n > 5),'^ by extending h to all of M" by the identity outside the ball B"^. 
The extended homeomorphism of M" is clearly stable. The approximating 
diffeomorphism g in the conclusion of the theorem can be chosen to equal the 
identity outside -B"_^, for some 5 > sufficiently small. The only subtlety 
not stated explicitly there is that g extends to a diffeomorphism of M". But 
that follows immediately from a careful application of Theorems 5.7 and 6.2 
in [MunGO] as in the proof of Theorem 6 in [Con63a] . 

More precisely, first choose a suitable triangulation of W\ and use Con- 
nell's Theorem 6 to approximate /i by a PL homeomorphism of R" with 

Although this 'local version' of Theorems 3 and 4 in Connell's paper is not stated 
explicitly in [Rus73, Chapter 4.11], it can be deduced from the results of that chapter 
verbatim as in [Con63a]. 
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h = id outside the ball -B"„25) for 6 > sufficiently small. Then apply 
Munkres' Theorem 5.7 with U = B^_^ to get the final approximation by a 
difFeomorphism with the properties claimed in the statement of the propo- 
sition.^ □ 

The rest of this section is occupied with the reduction of the general case 
to the open unit ball. In the following, the subscript denotes the subgroup 
of homeomorphisms homotopic to the identity. 

Lemma 3. Every h G HomeOo°c(M) can be approximated uniformly by a 
diffeomorphism g € Diff c(M). 

Proof. We may without loss of generality assume the mass flow (see [FatSO]^ 
for the definition and a foundational study of this homomorphism) of h van- 
ishes. To see this, recall that the flux homomorphism for volume-preserving 
diffeomorphisms (the definition and a foundational study can be found in 
[Ban97]) is Poincare dual to the mass flow homomorphism (on the universal 
covering spaces), and that the flux homomorphism is surjective.^ Thus we 
can find a diffeomorphism / G Diffo°c(M), smoothly isotopic to the identity, 
whose mass flow equals that of h. Clearly the lemma holds for h if and only 
if it holds for h o /~^, and the mass flow of the latter vanishes. 

Since h is in the kernel of the mass flow homomorphism, it can be frag- 
mented as a finite composition h = hi ■ ■ ■ hm, with each hi contained in the 
kernel of the mass flow, and supported in a ball B'^^y i = 1, ■ ■ ■ ,m, small 
enough so that Proposition 2 can be applied to each hi [FatSO]. But then h 
can also be approximated uniformly by a difFeomorphism g € Diffc(M). □ 

Proof of Theorem 1. First suppose h is homotopic to a difFeomorphism g. 
Then hog~^ satisfies the hypothesis of Lemma 3, and the claim follows. Con- 
versely, suppose h can be approximated uniformly by diffeomorphisms. Path 
components are open by local contractibility [Cer68], so if g is sufficiently 
close to h, the two are homotopic through a path of homeomorphisms. □ 



Here is where the argument seems to break down in the case of homeomorphisms 
that are the identity only on the boundary, but not necessarily nearby. One needs some 
'wiggle room' to combine the two theorems in order to obtain a difTeomorphism of R" that 
is the identity outside an appropriate neighborhood of a boundary point. 

^ The results in [FatSO] concern homeomorphisms which are the identity on the bound- 
ary, not necessarily nearby. However, their methods of proof allow to reprove all of their 
results we use in this paper in this slightly different situation. We mention in particular 
Lemma 3.4, Theorem 4.1, and Lemma 4.8 (local citations). 

^ In this case, it is possible to deduce the necessary theorems for homeomorphisms 
that equal the identity near the boundary directly from Fathi's results without having to 
reprove them, and by applying Poincare duality for compact manifolds with nonempty 
boundary. 
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3. The inclusion Diff ^ Homeo 
Consider the row of maps 

(2) Diff+(M) A Diff™'(M) A Homeo™' (M) A HomeOc(M). 

The first map is the deformation retraction [Ban97, Corollary 1.5.4] of the 
group of orientation preserving diffeomorphisms given by Moser's isotopy 
argument [Mos65]. (Thus a necessary and sufficient condition for a dif- 
feomorphism to be isotopic to a volume-preserving diffeomorphism is to 
preserve orientation.) In particular, r is a homotopy equivalence (with ho- 
motopy inverse given by the inclusion map). The remaining maps i are the 
obvious inclusions. By a result due to Fathi and Y.-M. Visetti [FatSO], the 
last inclusion is a weak homotopy equivalence. Their argument is based on 
a theorem of S. Eilenberg and R. L. Wilder [EW42], which we now recall. 

For a subset j4 of a metric separable space X, and x ^ X, we say that A 
is locally p-connected at x {p-LC at x) if for every e = e(x) > there exists 
a, 6 = 6{x) > such that every continuous map f : ^ X with image 
contained in A fl Bs{x) is nullhomotopic in A D B^{x). Here Br{x) denotes 
the ball of radius r centered at x X. A is said to be locally p-connected 
in relation to X (p-LC rel. X) if it is p-LC at every x G X. Finally, if A is 
locally p-connected in relation to X for every < p < k, then we say A is 
j^(jk j,g^_ example, if A is locally contractible, it is LC'' rel. X for 

every k. There are obvious notions of uniformly p-LC and uniformly LC'' 
as well. 

Theorem 4 ([EW42, Theorem 3]). Let Z be a compact space with dimZ < 
k, and suppose A d X is LC^ rel. X. Then every two maps Z ^ X with 
image contained in A are homotopic in the closure of A (in X) if and only 
if they are homotopic in A. 

By Theorem 1, the image of Diff5°'(M) A Homeoo°'(A^) is dense, and 
moreover, Diffg°^(M) is locally contractible in the -topology. 

Question 5. Is Y)\S^l{M) LC^ for say A; < 1 in the compact-open topology? 

// the answer is yes, the same argument as in [FatSO], p 61, based on 
the Eilenberg- Wilder theorem, shows the middle inclusion as well is a weak 
homotopy equivalence. 

Question 6. Which (volume-preserving) homeomorphisms are homotopic to 
(volume-preserving) diffeomorphisms? 

4. Diffeomorphisms homotopic to the identity 

We consider another basic problem in differential topology, namely the 
following: given a diffeomorphism (f) € Diff(M) homotopic to the identity, 
i.e. there exists a continuous path in Homeo(M) connecting it to the identity, 
is (p smoothly isotopic to the identity, i.e. through a smooth path in Diff (M)? 
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In [Rub98], D. Ruberman gives an example of a diffeomorphism on a 4- 
manifold which is homotopic to the identity but not smoothly isotopic to the 
identity, providing a counterexample to the aforementioned question. Like 
Donaldson's method in the paper [Don83] mentioned in the introduction 
(giving rise to homeomorphisms that cannot be approximated by diffeomor- 
phisms) Ruberman's method is purely 4-dimensional. 

Since the de Rham isomorphism between de Rham and singular coho- 
mology is natural (e.g. [Lee03, Lemma 16.11]), 4) acts trivially on de Rham 
cohomology, and in particular preserves the class of the volume form VL. 
By Moser's isotopy method ([Mos65]), cj) is smoothly isotopic to a volume- 
preserving diffeomorphism, so we may without loss of generality assume that 
is volume-preserving. We may further assume that the homotopy to the 
identity is through volume-preserving homeomorphisms, by the isomorphism 
induced on homotopy groups by the last map in (2) in the previous section. 

Question 7. In the situation considered above, does there exist a continuous 
path to the identity in Diff(M) with the C^'-topology? Can that path be 
approximated by or homotoped to a smooth path in Diff(M) with the C°°- 
topology to give the desired smooth isotopy to the identity? If yes, does 
this (combined with Ruberman's example) give rise to a volume-preserving 
homeomorphism on a 4-manifold that cannot be approximated uniformly by 
diff eomor phisms ? 

5. The noncompact and nonorientable cases 

In this section we suppose that M is noncompact, and equip all groups of 
homeomorphisms with the usual direct limit topology.^ Here the "volume 
form" Q is finite on each compact subset and thus induces a Radon measure 
as on page 85 in [Fat80]. If M has nonempty boundary, we again ask that 
all homeomorphisms are the identity near the boundary. Then Theorem 1 
extends to noncompact manifolds. Indeed, suppose that h is homotopic to 
a diffeomorphism g. As a consequence of the definition of the direct limit 
topology, there exists a compact set K C Int(M) such that both h and g 
are compactly supported in and homotopic through a homotopy that is 
compactly supported in K. Then the compact case above applies. To see the 
necessity of the above condition, note that for e : M — )• (0, oo) a continuous 
function, the uniform e-ball around h is open in the direct-limit topology. 
Again by [Cer68], if g is sufficiently close to h in the direct-limit topology, 
it is homotopic to h. 

Also remark that, by our reduction scheme, the result by Oh or Sikorav 
on approximability by volume-preserving diffeomorphisms is only needed 



Some care has to be taken here in the choice of allowable compact codimension 
submanifolds K C Int(M) in the definition of the direct-limit topology, firstly to guarantee 
that a diffeomorphism of K extends to all of M by the identity, and for (the current versions 
of) some of the results by Fathi and Visetti. But this is only a technicality. 
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locally, i.e. in Proposition 2. If /i = id near the boundary, their approxi- 
mation yields volume-preserving difFeomorphisms equal to the identity near 
the boundary. 

Finally we point out that the above generalizes to nonorientable manifolds 
equipped with a good measure, which is locally given by a volume-density 
instead of a volume form. 
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